Abstract. The role of gradient dependent constitutive spaces is investigated on the example of Extended Thermodynamics of rigid heat conductors. Different levels of nonlocality are developed. The local form of the entropy density plays a crucial role in the investigations. The entropy inequality is solved under suitable additional assumptions. Balance form of evolution equations is obtained in special cases. Closure relations are derived on a phenomenological level.
Introduction
Weakly nonlocal thermodynamic theories are those that introduce the space derivatives of the basic variables into constitutive functions. Second Law restricts considerably the form of the constitutive quantities and gives a genuine insight into the structure of the theories. Weakly nonlocal constitutive functions are mostly investigated in relation of material microstructure in mechanics [1, 2] or to find nonlocal extensions of classical theories [3] .
In this paper we investigate nonlocal constitutive spaces with different levels of nonlocality, namely of different order of derivatives. However, we derive the restrictions that are due to locality assumptions on different levels. In our analysis we mostly assume a non-equilibrium but local entropy function that does not depend on the gradients of the state variables. Such an assumption is in accordance with Kestin's local state hypotheses [4] .
We restrict ourselves to Extended Thermodynamic theories of rigid heat conductors [5, 6, 7] but in a very general sense. We introduce the heat flux together with a second order tensor as internal variables and investigate weakly nonlocal constitutive state spaces. The balance structure of the evolution equations is not postulated. Furthermore, the entropy current is regarded as a constitutive quantity and we are to give a complete solution of the thermodynamic constraints i.e. both the equalities and the residual dissipation inequality. The solutions are derived with the help of specific (but rather general) assumptions on the form of the entropy and its flux. The most general assumption lies on the concept of current multipliers, which represent some constitutive functions entering the entropy current. We will see, that the final evolution equations are more general than the traditional balance ones. The conditions to recover the classical cases are clarified.
In a previous work [8] the local theory has been developed in the details and the evolution equations for fluxes of higher tensorial order have been obtained. Also it was proved that under particular assumptions on the entropy density the balance form can be recovered. Moreover, the system of equations was closed, in that the evolution equations for the highest order variable in the hierarchy -ordinary differential equations -can be interpreted as a closure relation.
First order nonlocality -exploitation of the Second Law
In a rigid heat conductor at rest we start from the following local balance equation of the internal energy where e is the density of internal energy, q i i = 1, 2, 3 are the components of the heat flux,
, x i i = 1, 2, 3 are the Cartesian coordinates of the points of the body and the Einstein convention of summation over the repeated indices has been applied. The only equilibrium variable will be the internal energy e, while the first dynamic variable is supposed to be the heat flux q i . As a further dynamic variable let us choose a second order tensor, whose components will be denoted by Φ ij , i, j = 1, 2, 3. Hence the basic state space (the wanted fields) in our investigations will be spanned by the variables (e, q i , Φ ij ). This is a 13 field theory, because the number of the independent fields is 13. We are investigating a first order weak nonlocality in all variables of the basic state, therefore the constitutive space is spanned by the basic state and its spacial derivatives, that is the fields (e, q i , Φ ij , e′ i , q i ′ j , Φ ij ′ k ). We assume that the evolution equations for the heat current q i and for Φ ij can be written in the following rather general formq
where g i and f ij are constitutive functions. With the assumption of first order nonlocality the spacial derivatives of the above equations give further restrictions [9, 10] .
These equations are sometimes referred to as prolonged forms of the evolution equations (2.1), (2.2) and (2.3).
The local balance of entropy is given by
with s standing for the entropy density, j i i = 1, 2, 3 for the components of the entropy current j i and σ s for the density of entropy production. Second Law of Thermodynamics forces σ s to be nonnegative. In the following we will investigate the restrictions from the inequality of the Second Law with the general assumption that both the entropy and the entropy flux are constitutive quantities. The method of the exploitation is given by the Liu procedure [11] . However, according to our calculations, in the present case a generalized Coleman-Noll procedure gives identical results.
Let us introduce the Lagrange-Farkas multipliers Γ 1 , Γ 2 i and Γ 3 ij for the evolution equations (2.1), (2.2) and (2.3) respectively. The multipliers Γ 4 i , Γ 5 ij and Γ 6 ijk are for the prolonged evolution equations (2.4), (2.5) and (2.6) respectively. Now, Liu procedure gives
Here ∂ n , n = 1, 2, 3, 4, 5, 6 denotes the partial derivatives of the constitutive functions according to the variables (e, q i , Φ ij , e′ i , q i ′ j , Φ ij ′ k ) respectively. After some rearrangement of the inequality one obtains the Lagrange-Farkas multipliers from the first set of the Liu equations. These are obtained by imposing the coefficients of the time derivatives vanish.
The second set of Liu equations is obtained by taking the multipliers of the second order space derivatives. By applying (2.8)-(2.13) one can write them as
Finally the residual dissipation inequality can be written in the following form
In the following sections we are looking for special simplifying assumptions to solve the Liu equations (2.14)-(2.16) and the dissipation inequality (2.17). First we will investigate cases where some of the constitutive functions are assumed to be local.
Solutions of the Liu equations -locality assumptions
3.1. Local state. Let us start the assumption of the local state in the form that the entropy is independent of the gradients:
In this case the Liu equations (2.14)-(2.16) are simplified considerably and as a solution we obtain a local entropy current
The dissipation inequality (2.17) simplifies, too
3.2. Local state and local evolution. Let us investigate now the case when the evolution equations of the internal variables are ordinary differential equations, that is we assume that the constitutive quantities g i and f ij take the local form:
Now the dissipation inequality simplifies further the possible constitutive functions, because the coefficients of the derivatives should disappear. These restrictions result in a rather simple and rather unusual material, as it was already noticed in [8] .
One can obtain these restrictions as Liu equations in the Liu procedure if considers the restrictions (3.1), (3.4) and (3.5) at the beginning of the investigations. The dissipation inequality now can be written in a force-current form and can be solved for the constitutive functions g i and f ij .
Local evolution. Let us assume now that the evolution of the internal variables is local, but there is no local state, therefore we require (3.4) and (3.5), but (3.1) is not assumed. In this case the entropy current is nonlocal, but the nonlocality is rather reduced. The Liu equations (2.14) and (2.16) give that the entropy current does not depend on the gradients of e and Φ, and (2.15) simplifies to
The nonlocality in the q i is due to balance form of the evolution equation of the internal energy (2.1). From the above constraint one can easily see, that the entropy current is local if we further assume that the entropy is local in the internal energy,
Solutions of the entropy inequality in case of local state
As we have seen above, the Liu equations are trivially solvable in the local state. However, the solution of the dissipation inequality can be achieved only with further assumptions. In our previous work we investigated the traditional assumptions of Extended Irreversible Thermodynamics based on the following form of the local entropy [12] (4.1)
where the matrices m ij and n ijkl are constitutive functions and s 0 is the equilibrium entropy, that depends only on the internal energy. The above general form is a consequence of the requirement of the thermodynamic stability, or, equivalently the requirement of the concavity of the entropy function on the non-equilibrium part of the state space (spanned by q i and Φ ij ). Therefore, in the vicinity of equilibrium states, with positive definite m ij and n ijkl . Let us assume an entropy current in the following form [13] (4.2)
In case of constant and invertible m ij and n ijkl the dissipation inequality can be solved and the balance form of the evolution equations is recovered. However, the assumption of constant thermodynamic inductivities looks like too strong, because it is not compatible with kinetic theory calculations [7] . Moreover, the (4.2) form of the entropy current is a rather special assumption, justified by heuristic arguments transforming the time derivative of the entropy into a balance [13, 6] . Therefore we will investigate the more general case, when the full nonlinearity is assumed in the (4.1) form of the entropy while the entropy current vanishes in the equilibrium part of the state space, when q i and Φ ij are zero. In this case the entropy current can be given in general as [14] (4.3)
where A ij and B ijk are constitutive functions, the so called current multipliers.
Let us introduce the following notations
If m ij and n ijkl are constant, thenm ij = m ij ,n ijkl = n ijkl , (∂ 2 n) ijk = 0 and (∂ 3 m) ijk = 0. With the (4.3) form of the entropy current and using the notations of (4.4) and (4.5) the local state dissipation inequality (3.3) can be written in the following form:
Seemingly the system is a normal force-current system, because the coefficients of the thermodynamic forces q i , q i,j , Φ ij , Φ ijk all contain undetermined constitutive quantities A ij , g i , f ij , B ijk respectively. Let us observe now, that g i and f ij are nonlocal but all other terms are local in the above inequality. However, the coefficients of the derivatives q i ′ j and Φ ij ′ k cannot disappear, but the quadratic form is not a normal force-current system because the possible couplings between the quantities is rather reduced e.g. B ijk is local, therefore cannot depend on its own force Φ ij ′ k . In this degenerate case the solution of the dissipation inequality is not straightforward. Fortunately we can avoid the treatment of degeneracy.
One of the possible solutions is to assume that m ij and n ijkl depend only on the internal energy and introduce the Verhás form of the entropy current with the assumptions A ij = ∂ 1 sδ i j and B ijk = (∂ 2 s) k δ ij . In this particular case the dissipation inequality reduces
This is a force-current system, with the following Onsagerian solution
Let us mention here, that we have fixed the constitutive quantities and therefore the choice of currents and forces is not arbitrary. Forces are given functions of the constitutive variables (here q i and Φ ij ) and the currents contain undetermined constitutive functions [3] .
As it was emphasized in [8] the second equation is a phenomenological closure of the system (2.1) and (4.8). Let us observe that we have recovered the usual phenomenological structure of Extended Irreversible Thermodynamics keeping track different ways of possible generalizations. However, this is a restricted possibility and we can get a more general system considering higher order nonlocalities.
Second order nonlocality -solution in local state
Now we will extend our investigations to consider second order nonlocalities. However, for the sake of simplicity we will investigate only the case of local entropy, systems in local state. Therefore the basic state is spanned by the variables (e, q i , Φ ij ) as previously. However, the constitutive space contains the second order space derivatives and is spanned by (e, q i , Φ ij , e′ i , q i ′ j , Φ ij ′ k , e′ ij , q i ′ jk , Φ ij ′ kl ). Therefore, in the exploitation of the entropy inequality (2.7) we should consider as constraints the evolution equations (2.1), (2.2) and (2.3), their first prolongations (2.4), (2.5) and (2.6) and also their second prolongations as followṡ
Our simplifying condition of local entropy can be written as s = s(e, q i , Φ ij ).
Let us introduce again the
ij , Γ 8 ijk and Γ 9 ijkl stand for the second prolongations (5.1), (5.2) and (5.3) respectively. The Liu procedure gives
Here ∂ n , n = 1, 2, 3, 4, 5, 6, 7, 8, 9 denotes the partial derivatives of the constitutive functions according to the variables of the constitutive space (e, q i ,
respectively. The first set of Liu equations defines the Lagrange-Farkas multipliers as the derivatives of the entropy and gives that the last six multipliers are zero, due to the local state. 
Therefore the entropy current presents only first order nonlocalities
Considering the above conditions the dissipation inequality can be written exactly in the same form as it was in case of first order nonlocal constitutive space (3.3):
However, now all the constitutive quantities are higher orderly nonlocal, the entropy current is a first order nonlocal quantity and g i and f ij are second order nonlocal quantities. Let us introduce the same assumptions on the form of the entropy and the entropy current as previously with assuming (4.1) and (4.3) with the notations (4.4) and (4.5). However, now the current multipliers A ij and B ijk are first order nonlocal constitutive functions. The dissipation inequality can be written in the same form as above
However, in this case it is a nondegenerate force-current system, due to the extension of the constitutive state space. Therefore one can give an Onsagerian solution as follows 
As one can see, they are more general than the equations suggested by any theory of Extended Thermodynamics. Of course this generality in this case can be a disadvantage. However, let us recall that the above set of equations simplifies to the celebrated GuyerKrumhansl equations when Φ ij = 0, the material is isotropic and all material coefficients are constant [15, 3] . Therefore, one can recover the Guyer-Krumhansl equation in a 4 moment nonlocal theory. The qualitative properties of the same set of equations can be obtained in Rational Extended Thermodynamics with 30 moments [16] while the equations were exactly recovered in Extended Irreversible Thermodynamics with 13 moments [6] .
Conclusions
We have shown that Classical Irreversible Thermodynamics supplemented with dynamic degrees of freedom is consistent with the idea of higher order fluxes as independent thermodynamic variables. In such a framework the balance form of the evolution equations can be obtained under suitable constitutive assumptions. The locality of the entropy density, i.e. the local state assumption, plays a central role. Moreover, the nonlocality of the constitutive functions results in a wide class of materials including the classical Cattaneo's and Guyer-Krumhansl heat conductors, which normally are derived from kinetic theory. Let us observe that the model above encompasses all extended thermodynamic models, since the balance structure represents a very particular form of nonlocal evolution equations (2.2) and (2.3). The figure below shows the connections between the constitutive assumptions and the thermodynamic restrictions, as far as the locality and nonlocality are concerned. The second row in the table represents the traditional realm of extended thermodynamic theories.
It is worth noticing that the theory is compatible with the general form of the entropy current, such as that proposed by Nyíri, which yields (4.2) when A ij = ∂ 1 sδ i j and B ijk = (∂ 2 s) k δ ij .
We obtained closure relations both with local and nonlocal entropy current and in the first case the closure for the highest order flux was an ordinary differential equation. The obtained thermodynamic closure of the hierarchical structure stresses some deeper relations between the thermodynamic and the more detailed kinetic structure, similar that was recognized e.g. in [17] . 
